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§1. Introduction 

\ The global holomorphic invariant ac{M) introduced by Tian |6[], Tian and 

Yau H is closely related to the existence of Kahler-Einstein metrics. In his 
solution of the Calabi conjecture, Yau [ITTJ proved the existence of a Kahler- 



c3 



Q ■ Einstein metric on compact Kahler manifolds with nonpositive first Chern 

class. Kahler-Einstein metrics do not always exist in the case when the first 
Chern class is positive, for there are known obstructions such as the Fu- 
taki invariant. For a compact Kahler manifold M with positive Chern class, 
Tian || proved that M admits a Kahler-Einstein metric if «g(M) > 
where n = dimM. In the case of compact complex surfaces, he proved 
that any compact complex surface with positive first Chern class admits a 
Kahler-Einstein metric except CP 2 #\CP 2 and CP 2 #2CP 2 [§. It woul d be 
also interesting to find the estimate of the a invariant for CP 2 #1CP 2 and 
q ; CP 2 j^1CP 2 . In this paper, we apply the Tian-Yau-Zelditch expansion of 

■ the Bergman kernel on polarized Kahler metrics to approximate plurisub- 

harmonic functions and compute the a-invariant of CP 2 j^2CP 2 . This gives 
an improvement of Abdesselem's result [|TJ. More precisely, we shall show 
that: 



Theorem 1 a G {CP 2 #2CP 2 )=\. 

X' 

Let (M, a;) be a compact Kahler manifold, where u=y—lgqdzi/\<tzj. We will 
also prove Tian's conjecture on the generalized Moser-Trudinger inequality 
in the special case where olg{M) > for n = dimM. Let 

P(M,u) = | = uj + ddoo > 0, sup cj) = j . 
Let F u and J w be the functionals defined on P(M, u) by 

f u (4>) = JM-h I ^> B -iog(~ / 

V Jm V Ja 
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V ~^ n + 1 Jm v 

Assume (M,ujke) is a Kahler-Einstein manifold with positive first Chern 
class and Ric{(jOke) = <^ke, then for any 4> e P(M,ujke), Ding and Tian |2j 
proved the following inequality of Moser-Trudinger tpye: 

V JM 

Tian§ also conjectured that ±f M e-*u n < Ce^' 5 ^^'^ for S > 
sufficiently small, if is perpendicular to Ai, the space of eigenfunctions of 
ijJre with eigenvalue one. 
We shall prove: 

Theorem 2 Let (M, u) be a Kdhler manifold with positive first Chern class. 
Assume that a(M) > so that M admits a Kahler-Einstein metric ujke, 
and there exist constants 5 = 5 (n, a(M)) and C = C (n, \2(^ke) — 1, a(M)) 
such that for any <fi e P{M, ujke) which satisfies 4> _L A 1; we have: 

Here \2{(^ke) is the least eigenvalue of ujke which is bigger than 1. 

Acknowledgements . The author deeply thanks his advisor, Professor D.H. 
Phong for his constant encouragement and help. He also thanks Professor 
G. Tian for his suggestion on this work. This paper is part of the author's 
future Ph.D. thesis in Math Department of Columbia University. 

§2. Holomorphic approximation of psh 

In this section, we will employ the technique in 0, |12[ to obtain the approxi- 
mation of plurisubharmonic functions by logarithms of holomorphic sections 
of line bundles. The Tian-Yau-Zelditch asymptotic expansion of the potential 
of the Bergman metric is given by the following theorem J7|, |12]j . 
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Theorem 2.1 Let M be a compact complex manifold of dimension n and let 
(L, h) — > M be a positive Hermitian holomorphic line bundle. Let g be the 
Kahler metric on M corresponding to the Kdhler form uo g = Ric(h). For each 
m E N, h induces a Hermitian metric h m on L m . Let {S™, S™, S^^} be 
any orthonormal basis of H°(M, L m ) , d rn = dim H°(M, L m ), with respect to 
the inner product: 



(S 1 ,S 2 ) hm = h m (S 1 (x),S 2 (x))dV g , 

J M 



where dV g = ^u™ is the volume form of g. Then there is a complete asymp- 
totic expansion: 

dm -l 

E \\Sr(x)\\l m = «oWm n + a 1 (x)m n - 1 + a 2 (x)m"" 2 + ... 

i=0 

for some smooth coefficients dj(x) with a — 1. More precisely, for any k: 



dm — l 



E llsr(*)IIL-E<»;(*) 



n-j 



j<R 



< C R ±m 



n-R 



C k 



where Cr^ depends on R, k and the manifold M. 



Let 



u g + dd(f) > 



h = he-* 

Let h m be the induced Hermitian metric of h on L m , {S 1 ™, S™ S^ 1 _ 1 } be any 
orthonormal basis of H°(M,L m ), where d m = dim H°(M, L m ), with respect 
to the inner product 

(Si,S 2 )~ hm = Jji^S^S^dV-. 
By Theorem 2.1, we have 

dm — 1 

E \\ S T(x)\\l = ao(x)m n + a l {x)m n - 1 + a 2 (x)m n ~ 2 + ... 



i=0 



'dm — 1 



= E lisi 



m 'x)\\l I e _m *. 



i=0 
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Thus 



j I dm — l \ 1 

0=-log V \\S™{x)\\\ log ( a a (x)m n + a 1 (x)m n " 1 + a 2 (x)m n " 2 + 



m 



m 



Asm^ +00, we obtain 



— log (ao(x)m n + ai(x)m n 1 + a 2 (x)m n 2 



+ ...) 



m 

= — logm n (l + ai(x)m _1 + a 2 (x)m~ 2 + ...) 

n 1 1 

= _logm+-log(l + 0(-)) ^0 
mm m 

Thus we have the following corollary of the Tian-Yau-Zelditch expansion. 
Corollary 2.1 



1 



dm — 1 



'' t v i=0 



0, as m — > +00. 



In other words, any plurisubharmonic function can be approximated by the 
logarithms of holomorphic sections of L m . 



§3. Proof of Theorem 1 

Let M be the blow-up of CP 2 at two points and n its natural projection. 
Without loss of generality, we may assume the two points are pi = [0, 1,0] 
and p 2 = [0, 0, 1]. Then M is a subvariety of CP 2 x CP 1 x CP 1 defined by 
the equations 

ZqXi = ZiX , Z Y 2 = Z 2 Y 

where Z { , Xj,Y k are respectively the homogeneous coordinates on CP 2 , CP 1 
and CP 1 . 

Let G be the automorphism group acting on CP 2 x CP 1 x CP 1 generated 
by 8j and permutations r (0 < i < 2) 

0; : [Z^Z 3 ,Z 2 ] x [X„,Xi] x [y ,y 2 ] -> [^o,^e l9 ,Z 2 ] x [X ,Xi] x [F ,^] 
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for 6 e [0,2vr), and 

r : [Z Qi Z x ,Z 2 \ x [X ,X X ] x [y ,y 2 ] - [Zq,^,^] x [Y ,Y 2 ] x [X ,Xi] . 

Let 7r , 7Ti, 7r 2 be the projection from CP 2 x CP 1 x CP 1 onto CP 2 , CP 1 and 
CP 1 . Define w by 

lu = tTqUq + 7r*a;i + TC2U2 

= dd\og(\Z \ 2 + \Z X \ 2 + |Z 2 | 2 ) + <9dlog(|X | 2 + \X X \ 2 ) + 
<991og(|y | 2 + |F 2 | 2 ) 

where uq, uj x , u 2 are the Fubini-Study metrics CP 2 , CP 1 and CP 1 . By 
explicit calculation, it can be shown that uj\m is in the first Chern class of 
M(see i). 

Consider the divisor 

{[0, Z x , Z 2 ] x CP 1 x CP 1 } + {CP 2 x [1, 0] x CP 1 } + {CP 2 x CP 1 x [1, 0]} 
which defines a line bundle (L, h) on CP 2 x CP 1 x CP 1 , where 

k = ! 

(|z„p + izH 2 + \z 2 p)(\x p + |Xi| 2 )(|y | 2 + ini 2 )' 

then (L,h)\M M defines the anticanonical line bundle on M whose cur- 
vature form —ddlogh gives the first Chern class on M. 
Since M\{7r _1 {pi}U7r~ 1 {p 2 }} is isomorphic to CP 2 \{p x ,p2}, if we choose the 
inhomogeneous coordinates (21,22) = [1,21,22] on CP 2 , the Kahler metric 

u go = ddhg(i + \ Zl \ 2 + \z 2 \ 2 ) + <9dio g (i + \ Zx \ 2 ) + aaio g (i + \z 2 \ 2 ) 

can be extended to a Kahler metric go on M which belongs to c x (M). If 
we take different inhomogeneous coordinates (w ,w x ) = [w ,w x ,l], the cor- 
responding Kahler metric is 

uj 31 = ddlog(l + \w \ 2 + \w x \ 2 ) + dd\og(l + \w \ 2 ) + dd\og(\w \ 2 + |wi| 2 ) 

and we have 
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1 1 

(i + N 2 + N 2 ) 3 + (i + N 2 + N 2 ) 2 (i + N 2 ) 

i i 
+ (i + N 2 + |^ 2 | 2 ) 2 (i + N 2 ) + (i + |^| 2 ) 2 (i + 12 2 | 2 ) 2 

i i 
(i + Kl 2 + K| 2 ) 3 + (i + Kl 2 + M 2 ) 2 (KI 2 + M 2 ) 

i , Nl 2 

(i + Kl 2 + Kl 2 ) 2 (i + \w \ 2 ) (i + KI 2 ) 2 (KI 2 + kil 2 ) 2 ' 

Consider the line bundle (L N , h N ) -> CP 2 x CP 1 x CP 1 . Then 

dim H\CP 2 x CP 1 x CP\0{L N )) = ( N + ^ N + 2 ) 

and {Z^Z^Z^X^X^Y^Yt}i^i x ^=j^ h=k ^=N, is an orthogonal basis 
for H°(CP 2 x CP 1 x CP\0(L N )). 

Let Mi be the hypersurface of CP 2 x CP 1 x CP 1 defined by the equations 

ZqX\ = Z\Xq 

and M 2 be the hypersurface of CP 2 x CP 1 x CP 1 defined by the equations 

Z0Y2 = Z2Y0. 

Then M = M x n M 2 . 

In view of the short exact sequences 

(L N - [Mi]) - O(L^) - O^ImJ - 

- O(L JV | Ml -[M])^O(L Ar | Ml )^O(L Ar | M )^0 

we can choose iV sufficiently large so that 

P^(CP 2 x CP 1 x CP 1 , 0(L N - [Mx])) = tf^Mi, 0(L w | Ml - [M])) = 0. 
Then #°(CP 2 x CP 1 x CP\0{L N )) -> H Q {M^O{L N \ Ml )) -> 
^(Mx, 0(L w | Ml )) - tf°(M, O^U)) - 



det #0 = 



det pi = 
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7*0 


Zl 1 


7*2 yjo yji 
Z« 2 Z-o Zr x 


7&( 


4 2 


2 


{\Zo 


2 + 




2 +\Z 2 \*)(Z 


2 + 


^1 


2 )(^o 


2 + \z 2 \ 2 )) N 



Hence {Ztf Z£ X&° X? Yo°Y 2 kl \ M } io+h+i2=jo+jl=ko+k2=N contains an orthog- 
onal basis for H°(M, 0(L N \ M )) and 

\\Z"Z?Z?X»Xi 1 Y*Y*\\ 2 hN = 

on CP 2 \{pi,p 2 }. By Corollary 2.1, for any (p in Pg{M,u 9 ), we have on 
CP 2 \{ Pl ,p 2 }, 

(p([Z , z ± , z 2 ]) 

I^W 7*o+jo+fco yh+ji yi 2 +k 2 12 

, ^ l a Mio*l*2joilfcofc2^0 ^1 ^2 I 

l- l nr H)+n+'2=Jo+Ji= fc o+ fc 2= JV 

N^N 8 ((|Z |2 + |Z 1 |2+|Z 2 |2)(|Z | 2 +|Z 1 |2)(|Z |2+|Z 2 |2))^ ' 

coefficients d/^l 
of the group action by G 



for some coefficients 0^^1*0*.= a SL*ite<m which is set in the view 



^io+io+ k o ^h+h ^2+ k 2 2 

T,pmma ^ 1 1 W 'Q+'i+'2=JQ+ji= fc u+ fc 2=" < fj nr)q f 

Lemma 01 n 8 ((|Zo| 2 +[Z 1 |2+|Z 2 |2)(|Zo| 2 +|Z 1 P)(|Z |2+[Z 2 P))n ^ ^onsi. 

Proof On the patch U = {Z ^ 0}, let z x = |^ and z 2 = J|, 



' jQg " ' ' ' ' ' ' ' ■ 



■J2 ^gio+jo+ko gh+ji gi2+k2^2 



n to ((|zT | 2 + |Z X | 2 + |zT 2 |2)(|Z | 2 + |zT i p)(|Z | 2 + |Z 2 | 2 ))' 



< -iog( E 

V0+ l l+ l 2=j0+jl= fc + fc 2= n 

< 1 / 

\iO+ I l+ l 2=JO+Jl= fe O+ fc 2= n 1 I 1 - I 





J-l+h J>2+k 2 I 
2-1 ^2 


2 


(1 + 


21 


2 + 


22 


|2)n (1 + 




2 )"(1+ 


^2 


2^n 



n 



\i0+il+i 2 =j0+h= k 0+ k 2= n 



1 (n+l) 3 (n + 2) 

-!°g o 

n 2 
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On the patch U 2 = {Z 2 ^ 0}, let w = f& and wi = J|, 



1 . io+il+*2=JO+Jl= fe 0+ fe 2 =JV 

log 



n & ((|Z | 2 + + |Z 2 | 2 )(|Z | 2 + I^HdZol 2 + |Z 2 | 2 ))' 



i 0+ i l+ i 2=30+3l=* : 0+' i: 2 = 





wjo+jo+fccyi- 




2 


(i + K| 2 + K| 2 )»(i + | 




2 )"(|w | 2 + |wi| 2 )" 



1 / v lw , 0+J0+fc0 ^ 1+Jll2 \ J_ / 

\ i O+ i l+ i 2=io+Jl =fc O + fc 2 =n '0 1 I / \»()+ i l+ i 2=io+Jl =fc O + fc 2 =n 

1. (n+l) 3 (n + 2) 

= -log 

n 2 

This inequality holds for the patch JJ\ = {Z\ ^ 0}, and so the lemma is 
proved. 



Lemma 3.2 There exists e > such that for any ip e Pa(M,u> g ) ^ 
there exist n > N, i Q , ii, i 2 , jo, ji, k , k 2 withi + ii + i 2 = jo+ji = k Q + k 2 = n, 

and ( a Uiohi2johk k^ >e - 

Proof Otherwise, for any e > 0, there exists <p and N, such that for any 
n > N and any io,ii,i 2 ,jo,ji,k ,k 2 satisfying i +i 1 +i 2 =j Q +j 1 =k +k 2 =n, 
we have ( a( [^)i i 1 i 2 j j 1 k k 2 ^" < £ - By choosing n large enough and with the 
lemma above, we have 



tp([Z , Z u Z 2 ]) 



1 



max la " , , , , , , , I 2 E i^o+io+fco^u+ii^+fep 



<T Jl lncr 'O+H +'2 =30+31 =fc()+fc2=" |_ 



n & ((|Z | 2 + \Ztf + |Z 2 | 2 )(|Z | 2 + \Ztf){\Ztf + |^| 2 ))" 
1 



yj | Z i0+J0+ik0 Z U+jl Z i 2 +fe 2 |2 



< -W H»+n+»2=3 +3 1 =feu + fc2=n +2 log£ + £ 

" n 8 ((|Zo| 2 + |Z 1 | 2 + |Z 2 | 2 )(|Zo| 2 + |Z 1 | 2 )(|Z | 2 + |Z 2 | 2 ))" g 

< log £ + const 

Since £ could be arbitrarily small, the above inequality would imply that 
if — > — oo uniformly, which contradicts the fact that sup M (/? = 0. 
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Proof of the theorem: 



(p([Z , Z u Z 2 ]) 

1 ^ I (f)iohi2jojikok2 12 

i. - 1 i *0+ l l+ I 2=i()+Jl = fe + fc 2= JV 

^ N ° g ((|Z | 2 + \Ztf + |Z 2 |2)(|Z | 2 + |^i| 2 )(|^o| 2 + \Z 2 \ 2 )) N 





L 




■ii+ji 


gl2+k2 


2 + 


gio+JO+kf) gi 2 + k 2 g 


h+ji 
2 


2 


{{\Zo\ 


2 + 




2 + |Z 2 | 2 )(|Z | 2 +|Z 1 | 2 )(|Z | 2 + |Z 2 | 2 ))^ 



> ' ] n „ 1^0 ~1 I l~0 1 2 I , r 

^ "77 lQ g 7777779" , i^io , i^m/i^io , VTTtKTVTTTo , iryi^-^M + W 



1 |Z m Zf 2 Z 



2 JV 2 '72 iv 2 2 



— "77 °S 771 ry 19 I I rz 19 I I *7 I9N l\ rv 19 . [77 19X777? 19 | | 7 |9\\ JV ^ 



TV g ((|Z | 2 + |Z X | 2 + |Z 2 | 2 )(|Z | 2 + I^PXlZol 2 + |Z 2 | 2 )) 



> , \z^z\-^z\-^\* 

- g (|Z | 2 +|Z 1 | 2 + |Z 2 | 2 )(|Z | 2 + |Z 1 | 2 )(|Z | 2 + |Z 2 | 2 ) + 1 
where i + j + k — m,ii + ji + i 2 + k 2 = 3N - m. 

On the patch U = {Z ^ 0}, 



L 

< cJ 

Jo 



r/ n{o<|zi|,|z2|<i} 



2 m o_ m Q_ rn 

, \Z Q \~N-\Z 1 f ~K\Z 2 f TT 

e g (|Z ( ,l 2 + |2ll 2 +|Z2l 2 )(l^0l 2 + |Zll 2 )(|Zol 2 +|Z2l 2 )cU 2 

0<|«i|,|z2|<l 9 " 



(|Zp| 2 + \Z^ + |Z 2 | 2 )"(|Z | 2 + \2hm\Zol + |Z 2 | 2 )" 2 

1 / i „ i 2ctm , „ , o „ am , „ ,o„ am ^0 



o<|*i|,|«2|<i |Z |~|Zi| 3a "— |Z 



3a-22l|7J3a-2f So 



2 



(1 + 1 


Zll 


2 + 


1^2 


| 2 )°(l+l 


Zl| 








o„ am , 

3a- — 


^2 


1 3a 


am 



< C 2 j — — i^_am rf^i A dzi A d^ 2 A <J,2 2 

•/o<|*i|,|z 2 |<l 



< c 3 / 

i i Q„ am , , o „ am ■dzi A dz\ A dz 2 A <i2 2 

yo<i«ii,|z2i<i N ~\z 2 \ 6a ~~ 

< C 3 / 7 — — r^-dz\ A dzi A <i,2 2 A tfe 2 

Vo<kil,k 2 |<i Ui da r a 



On the patch U 2 = {Z 2 ^ 0}, 

■/[/ino<|u>o|,HI<i 



2 m 



< C 4 / e g (|2 O l 2 + l^ll 2 + |Z2l 2 )(|Z0l 2 + |Zll 2 )(|Z0l 2 + |Z2l 2 )a; 2 
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r f (1 + | W0 | 2 + |W1| 2 H1 + \w \ 2 ) a (\w \ 2 + Iw^r 2 

yo<|tu |,KI<i |w |~ki| ~ 
— C's / - , , 2 ' , ' ' , ,- , , ' —dw A (Mo A dwi A (Mi 

^0<|iu |,|u)i|<l |iy | jv \wi\ 6a " (\Wo\ 2 + \Wi\ 2 ) 

< Cq f 2^ z — ™ dw A dWo A dwi A dWi 

JO<\wo\,\wi\<l \w \~\wi\ da ~~(\w \ 2 + l^ll 2 ) 1 "" 

< C 6 f f 3 * — — dsdt 

Jt=0 Js=0 s~t2 a ~2N [S + ty- a 

< Cq / am 3 Qm — — — — —dsdt 

where (p + g = 1). 

Case 1: If 1 < f < 3, then 

am l—pl—p 

— + 1 - a )p < l^a< < 

N 3-p f-p 

3a - 1 < 1 

3 am s , , 1 — 9 

9 a ~9Ar + (1 ~ a)9 < 1 ^ a<1< 3_n L _ n 

Case 2: If < f < 1, then 

am 

— + (l-a)p < 1 ■<= a < 1 

3a - 1 < 1 
3 am . . 1 — q 

2 a ~2iV + ( )? < |^ 
So we could choose any a < |, which implies that ac(M, a>) > |. 



Conversely, we choose 





Z 


6 


(l^ol 


2 + 


Zi\ 


2 + \Z 2 \ 2 )(\Z \ 2 + \Z 1 \ 2 )(\Z \ 2 + \Z 2 \ 2 ) 



-log(l + e) 
G P G (M,u;) 
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Then we have sup M (p e = and (p £ = log on the exceptional divisors. 
Furthermore, we have 

lim / e~ a<Pe uj 2 = oo, for any a > — . 
£->oJm 3 

Hence we have shown ac{M, u) = |. 

§4. Proof of Theorem 2 

In this section, we will prove the generalized Moser-Trudinger inequality on 
any Kahler manifold M of dimension n whose a(M) is greater than The 
following theorem is due to Tian and Zhu UlCf] , 

Theorem 4.1 Let (M,u) be a Kahler- Einstein manifold with Ric(u) = u, 
then there exist constants 5 = 5(n) and C = C (n, A2(^) — 1) > such that 
for any (j) G P(M,u>) which satisfies <fi _L Ai, we have 

fm > jmY - c, 

which is the same as 

- [ e-*u n < Ce JM) -^^M^"- J ^ s . 
V Jm 

This implies in particular the Moser-Trudinger inequality on S 2 , which reads 

— / e'^uo^e^^^^-^h^ 
An Js 2 

For any G P(M,uj), put uj' = = u + ddcp and Ric(u>) = uj + ddh^. 
Consider the Monge- Ampere equation 

(u/ + ddi)) n = e h ^u' n 

We will use the continuity method backwards and let <frt be a smooth family 
which solve the above equation. 

The following lemmas are well-known || , but we add the proofs for the sake 
of completeness. 
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Lemma 4.1 Ric(u> t ) > tco t , and we have equality if and only if t — 1. 
Proof 

Ric(u t ) = -3d log uj? = -dd log + i2ic(w) = -<9<9 (/^ - + oj + ddh ( 

= UJ + t(f> t — tuj t + (1 — t)uj > tbJ t . 

Lemma 4.2 For any <f> G P(M, uj), if the Green's function of uj' = uj + dd<p 
is bounded from below, we have: 

-inf0< 1 / (-0)u/ n + C. 
Proof Since a; + dd<p = uj' and uj' — 950 > 0, we have A^xfi < n. 

V JM V JM 

Let (M, o>) be a Kahler-Einstein manifold with Ric(a;) = a; and let P(M,u>, K) 
= {0 G P(M,w) I G u+6§<l> {x,y) > -K). Then we have: 

Proposition 4.1 Zet (M, a;) fre a Kahler-Einstein manifold with Ric(uj) = 
uj. If a(M) > ^-j-, £/iere there exist constants S(n, a, K) and C(n, a, A 2 (c<->) — 
1,K) such that for any <p G P(M,u, K), we have 

fm > sjm - c. 

Proof Let uj' = uj + dd(j), where (j) G P(M, uj, K). 
— I e~ a *uj n = 

V JM 

< 

take p — —,q— -r^—, we have 



1 

V Jm 

-I 

V Jm 



e -{a 1 +a2+e)<j> UJ n 



e -(ai+oc2)(/> U jn e -emiM 4> 
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f e -(«i+«2)^n < — (/ e~ aiP V*) 1/p ( / e-^^ny/g 
Jm V Jm Jm 



V Jm 

= -(/ e"A; n ) ai (/ e~ r ^ 4, u) n f- ai 
V Jm Jm 



Jm 

by Lemma 4.2, 



- • • n\l-ai 



By Holder inequality, 
- / e"*w n < (- , 



„—ad>, ,n\ — 



Jm 

= Ce^^W-HM^+f/M^P^"// e -- 
We need to determine a 2j £, which satisfy the following conditions 



(0-sup0) n 



a = ai + a 2 + e > 1 
a > cti + (n + l)e 
1 > Cti 



So we will choose 



a 2 = ne + e' 

oti = 1 — «2 — £ + e" = 1 — (n + l)e — e' + e" 
where £ , e' , e" << 1, and e' = o(e), e" = o(e'). 

Since a(M) > then we can choose £, e' , e" small enough, then we have 

ao ne + e' 

< a(M) 



1 - «! (n + l)e + £' - £' : 
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and 

Combined with the inequalities above, we have 
V Jm 

Which proves the lemma. 
Proof of Theorem 2 

We assume u is the Kahler-Einstein metric of M. For any <f> e P{M, u), put 
u/ = cj + 550. Consider (a/ + 55-0) = e h ^' +t ^ . By solving the Monge- Ampere 
equation backwards, we get the solutions 4> t , and 0i = —0. 
For t > |, let u>( = a;' + 990 t = a; + 99(</>i — by Lemma 4.1, 

Ric(u t ) > -u t . 

which shows that the Green function of ut is uniformly bounded from below. 



Thus by proposition 4.1 and the calculation in |Hj we have 

> C^oscMi^t -4>i)-C 2 



and consequently, 



n(l-t)J u {<f>) = n(l-t)J^(0x) 

> (l-t)(/^(0i)-^'(0i)) 

> F w ,{(j) t ) -i^'(0l) 
= F u (<fH-<h) 

> C x osc M U t - 0i) - C 2 



= f (J w ,(^) - J w/ ((j> t ))dt 
Jo 

> (1 -Mb)) 
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1 t -J 

> JA<k) 

n 

> — -Wl) - 2(1 " ^(C.OSCM^t - 00 - C 2 ) 

> — JM- 2(1- tfnC.JM-Cs 

n 

The theorem follows by choosing (1 — t) < 2n l c . 
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